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Abstract

We start by reviewing the Einstein equations in spherical symmetry. We then write down
the perturbed Einstein equations about a spherically symmetric background. This is mostly
a review of a covariant framework for the spherical decomposition of tensors [Mar04, MP05,
GMG00, MGG01]. These notes are essentially an outgrowth of notes for the paper [RY18].
Please let me know if you find any typos/errors!



Chapter 1

General equations of motion

Our notation generally follows [Wal84]. For a textbook discussion of relativistic fluids, see
[RZ13]. We consider the Einstein equations coupled to fluid matter

E
(g)
αβ ≡ Rαβ −

1

2
gαβR = κTαβ, (1.1)

∇αT
αβ = 0, (1.2)

E(g) ≡ ∇αJ
α = 0. (1.3)

Here Tαβ is the stress-energy tensor, and Jα is the fluid current.
We decompose the stress-energy tensor in terms of the fluid velocity vector uα, which is

a unit timelike vector (uαuα = −1):

Tαβ = Euαuβ + P∆αβ +
(
Qαuβ +Qβuα

)
+ T αβ, (1.4)

Jα = Nuα + J α, (1.5)

where E , P , and N are scalars, Qα, J α are vectors transverse to uα (for example uαQα = 0),
and T αβ is a symmetric transverse-traceless tensor with respect to uα (that is uαT αβ =
T αα = 0, and

∆αβ ≡ gαβ + uαuβ, (1.6)

projects onto the space transverse to uα. More specifically, for a d dimensional spacetime
(we work in d = 4 spacetime dimensions) we have

E ≡ uαuβT
αβ, (1.7a)

P ≡ 1

d− 1
∆αβT

αβ, (1.7b)

Qα ≡ −∆αβuγT
βγ, (1.7c)

N ≡ −uγJγ, (1.7d)
Jα ≡ ∆αβJ

β, (1.7e)
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T αβ ≡ T 〈αβ〉, (1.7f)

where the angle brackets of a tensor is defined to be the symmetric transverse-traceless part
of the tensor

X〈αβ〉 ≡ 1

2

(
∆αγ∆βδ (Xγδ +Xδγ)−

2

d− 1
∆αβ∆γδXγδ

)
. (1.8)

So far we have only given a general decomposition of the stress-energy tensor with respect
to a timelike unit vector uα. Specifying a specific fluid theory requires specifying constitutive
relations for the quantities E , ..., T αβ. It’s worth noting that the trace of the stress-energy
tensor is

T = −E + 3P , (1.9)

that is, the heat flux and shear do not contribute to the trace. The conservation equation
∇αT

αβ = 0 can be split into a part parallel to uβ and perpendicular to uβ (the relativistic
generalizations of the continuity and Euler-Navier-Stokes equations):

uα∇αE + (E + P)∇αu
α +∇αQα − uγuα∇αQγ − uγ∇αT αγ = 0, (1.10)

(E + P)uα∇αu
β +Qα∇αu

β +Qβ∇αu
α + ∆αβ∇αP

+∆β
γu

α∇αQγ + ∆β
γ∇αT αγ = 0. (1.11)

The conservation of the current, ∇αJ
α = 0, can be written as

uα∇αN +N∇αu
α +∇αJ α = 0. (1.12)

We consider perturbations of non-rotating neutron star solutions, that is perturbations
of the Einstein-fluid system:

δ

(
Rαβ − κ

(
Tαβ −

1

2
gαβT

))
= 0, (1.13)

δ
(
∇αT

αβ
)

= 0, (1.14)
δ (∇αJ

α) = 0. (1.15)

As we are perturbing about a spherically symmetric background, we can decompose
linear perturbations according to how they transform under rotations (irreducible compo-
nents of the rotation group). We consider perturbations of the metric δgαβ, and Eulerian
perturbations δuα of the fluid velocity.

1.1 Perturbation of the Ricci tensor
We start with the well-known identities [Wal84]

δRα
γβδ = ∇βδΓ

α
δγ −∇δδΓ

α
βγ, (1.16)
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δΓγαβ =
1

2
gγδ (∇αδgδβ +∇βδgδα −∇δδgαβ) . (1.17)

We then have

δRαβ =∇γδΓ
γ
αβ −∇βδΓ

γ
αγ

=− 1

2
gγδ∇γ∇δδgαβ +

1

2
gγδ (∇α∇γδgδβ +∇β∇δδgαγ −∇β∇αδgδγ)

+
1

2
gγδ [∇γ,∇β] δgδα +

1

2
gγδ [∇γ,∇α] δgδβ

=− 1

2
gγδ∇γ∇δδgαβ +∇(αvβ) −Rα

γ
β
δδgγδ +Rγ

(αδgβ)γ, (1.18)

where we have defined

vµ ≡ gγδ
(
∇γδgδµ −

1

2
∇µδgγδ

)
= gγδδΓµγδ. (1.19)

Putting everything together, we have

δRαβ = −1

2
gγδ∇γ∇δδgαβ −Rα

γ
β
δδgγδ +Rγ

(αδgβ)γ +∇(αvβ) (1.20)

Some authors define the Lichnerowicz wave operator

�Lδgαβ ≡ −
1

2
gγδ∇γ∇δδgαβ −Rα

γ
β
δδgγδ +Rγ

(αδgβ)γ. (1.21)

The term ∇(αvβ) can be thought as describing pure gauge fluctuations in the linearized
Einstein equations. We see the linearized Einstein equations essentially take the form of a
system of linear wave equations for the components of δgαβ.
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Chapter 2

Spherically symmetric spacetime
decomposition

2.1 Spherically symmetric spacetime
The metric for a spherically symmetric spacetime can generally be split into the form (for a
review see [AV10])

ds2 = αabdx
adxb + r2ΩABdθ

AdθB, (2.1)

where r (the areal radius) depends on the coordinates xa (e.g. xa = (t, r) in Schwarzschild-
like coordinates). Here ΩAB is the metric for the unit two-sphere. We define the metric
compatible derivative for αab with Da, and the metric compatible derivative for ΩAB with
DA. The Ricci scalar for αab is R, and the Ricci scalar for ΩAB is 2. We raise/lower lower
case Latin indices with αab/α

ab, and raise/lower upper case Latin indices with ΩAB/Ω
AB.

We define ra ≡ Dar, rab ≡ DaDbr, and so on. We denote the Lie derivative with respect to
a vector ξµ with Lξ.

The nonzero Christoffel symbol components are

Γcab = (2)Γcab, (2.2a)
ΓcAB = −ΩABrr

c, (2.2b)

ΓCaB = δCB
1

r
ra, (2.2c)

ΓCAB = (2)ΓCAB. (2.2d)

The nonzero components of the Riemann and Ricci tensors, along with the Ricci scalar,
are

Rabcd =
1

2
R (αacαbd − αadαbc) , (2.3a)

RaAbB = −rrabΩAB, (2.3b)
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RABCD = (1− rara) r2 (ΩACΩBD − ΩADΩBC) , (2.3c)

Rab =
1

2
Rαab −

2

r
rab, (2.3d)

RAB = (1− rara − rraa) ΩAB, (2.3e)

R = R− 4

r
rcc +

2

r2
(1− rara) . (2.3f)

The covariant Misner-Sharp mass m is defined by

1− 2m

r
≡ DarD

ar. (2.4)

The spherically symmetric stress-energy tensor can be written as

Tαβdx
αdxβ = Tabdx

adxb + T2r
2ΩABdθ

AdθB. (2.5)

Making use of the fluid-decomposition of the stress-energy tensor, we can also write this as

Tαβdx
αdxβ = (Euaub + (P + T ) ∆ab +Qaub +Qbua) dxadxb

+

(
P − 1

2
T
)
r2ΩABdθ

AdθB, (2.6)

where ∆ab ≡ uaub + αab. Generally we can include a shear term in spherical symmetry,
although it is not present in perfect fluids. With this, the spherical decomposition of the
spherically symmetric Einstein equations are

2

r
(αabr

c
c − rab)−

1

r2
(1− rcrc)αab = κ ((E + P + T )uaub + Pαab +Qaub +Qaub) (2.7)

1

r
rcc −

1

2
R = κ

(
P − 1

2
T
)
. (2.8)

The spherical decomposition of the fluid equations are

uaDaE + (E + P)
1

r2
Da

(
r2ua

)
+

1

r2
Da

(
r2Qa

)
+ ubu

aDaQb = 0, (2.9)

uaDau
b +QaDau

b +Qb 1

r2
Da

(
r2ua

)
+ ∆abDaP + ∆b

cu
aDaQc = 0. (2.10)

The spherical decomposition of the conservation of the current is

uaDaN +N 1

r2
Da

(
r2ua

)
+

1

r2
Da

(
r2J a

)
= 0. (2.11)
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2.2 Perturbation of a spherically symmetric spacetime
Following [MP05], we consider linear perturbations of a spherically symmetric metric

ds2 = (αab + pab) dx
adxb + 2paAdx

adθA +
(
r2ΩAB + pAB

)
dθAdθB. (2.12)

The inverse metric to linear order is

gab =αab − pab, (2.13a)

gaB =− 1

r2
paB, (2.13b)

gAB =
1

r2
ΩAB − 1

r4
pAB. (2.13c)

The perturbations decomposed with respect to irreducible representations of the rotation
group are

pab =
∑
`,m

[hm` ]ab Y
m
` , (2.14a)

paA =
∑
`,m

([jm` ]a [Em
` ]A + [hm` ]a [Sm` ]A) , (2.14b)

pAB =
∑
`,m

(
r2 [km` ] ΩABY

m
` + r2 [gm` ] [Zm

` ]AB + [hm` ]2 [Sm` ]AB
)
. (2.14c)

We next review how to construct gauge-invariant linear perturbations in the spherical
harmonic decomposition [MP05]. Consider linear gauge transformations

g′αβ = gαβ − LΞgαβ

= gαβ −∇αΞβ −∇βΞα. (2.15)

We decompose the gauge transformation vector as

Ξa =
∑
`,m

[ξm` ]a Y
m
` (2.16a)

ΞA =
∑
`,m

(
[ξm` ]+ [Em

` ]A + [ξm` ]− [Sm` ]A
)
. (2.16b)

The components of the linearized metric transform as

[hm` ]′ab = [hm` ]ab −Da [ξm` ]b −Db [ξm` ]a (2.17a)

[jm` ]′a = [jm` ]a − [ξm` ]a −Da [ξm` ]+ +
2

r
ra [ξm` ]+ , (2.17b)

[km` ]′ = [km` ] +
` (`+ 1)

r2
[ξm` ]+ −

2

r
ra [ξm` ]a , (2.17c)
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[gm` ]′ = [gm` ]− 2

r2
[ξm` ]+ , (2.17d)

[hm` ]′a = [hm` ]a −Da [ξm` ]− +
2

r
ra [ξm` ]− , (2.17e)

[hm` ]′2 = [hm` ]2 − 2 [ξm` ]− . (2.17f)

Gauge-invariant combinations of these variables are[
h̃m`

]
ab
≡ [hm` ]ab −Da [εm` ]b −Db [εm` ]a , (2.18)[

k̃m`

]
≡ [km` ] +

1

2
` (`+ 1) [gm` ]− 2

r
ra [εm` ]a , (2.19)[

h̃m`

]
a
≡ [hm` ]a −

1

2
Da [hm` ]2 +

1

r
ra [hm` ]2 . (2.20)

where

[εm` ]a ≡ [jm` ]a −
1

2
r2 [gm` ] . (2.21)

In the Regge-Wheeler gauge [RW57, TC67]

[jm` ]a = [gm` ] = [hm` ]2 = 0. (2.22)

In this gauge we see that[
h̃m`

]
ab

= [hm` ]ab ,
[
k̃m`

]
= [km` ] ,

[
h̃m`

]
a

= [hm` ]a . (2.23)

We can then derive the polar and axial equations of motion in Regge-Wheeler gauge, and
then make those equations gauge invariant by promoting [hm` ]ab →

[
h̃m`

]
ab
, [km` ] →

[
k̃m`

]
,

and [hm` ]a →
[
h̃m`

]
a
[MP05].

Similarly to how we decompose the perturbations of the spacetime metric, we can de-
compose the perturbations of the stress-energy tensor

Tαβ dx
β∂α = (T ab + P a

b ) dxb∂a + P a
Bdθ

B∂a + PA
b dθ

b∂A +
(
δABP + PA

B

)
dθB∂A, (2.24)

and set

P a
b =

∑
`,m

[Hm
` ]ab Y

m
` , (2.25a)

P a
B =

∑
`,m

([Jm` ]a [Em
` ]B + [Hm

` ]a [Sm` ]B) , (2.25b)

PA
b =

1

r2
ΩACαbcP

c
C , (2.25c)
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PA
B =

∑
`,m

(
[Km

` ] δABY
m
` + [Gm

` ] [Zm
` ]AB +

1

r2
[Hm

` ]2 [Sm` ]AB

)
. (2.25d)

Under linear gauge transformations, we have

(T ′)
α
β =Tαβ − LΞT

α
β

=Tαβ − Ξγ∇γT
α
β + T γβ∇γΞ

α − Tαγ ∇βΞγ. (2.26)

If Tαβ = 0 on the background, then the linearized stress-energy tensor perturbations are
gauge invariant. That is not generally the case for us, though. In general we have(

[Hm
` ]′
)a
b

= [Hm
` ]ab − [ξm` ]cDcT

a
b + T cbDc [ξm` ]a − T ac Db [ξm` ]c (2.27a)(

[Jm` ]′
)a

= [Jm` ]a + P [ξm` ]a − T ac [ξm` ]c , (2.27b)
[Km

` ]′ = [Km
` ]− [ξm` ]cDcP , (2.27c)

[Gm
` ]′ = [Gm

` ] , (2.27d)(
[Hm

` ]′
)a

= [Hm
` ]a , (2.27e)

[Hm
` ]′2 = [Hm

` ]2 . (2.27f)

2.2.1 Perturbation of the Christoffel symbols

To compute the linearized equations of motion, we need the perturbed Christoffel symbol
components. Using standard formulas [Wal84], we have

δΓγαβ =
1

2
gγδ (∇αδgδβ +∇βδgδα −∇δδgαβ)

=
1

2
gγδ (∂αδgδβ + ∂βδgδα − ∂δδgαβ)− gγδΓραβδgδρ. (2.28)

We then have

δΓcab =
1

2
αcd (∂apdb + ∂bpda − ∂dpab)− αcdΓρabpdρ

=Cc
ab, (2.29)

δΓCab =
1

2

1

r2
ΩCD (∂apDb + ∂bpDa − ∂Dpab)−

1

r2
ΩCDΓρabpDρ

=
1

2

1

r2

(
Dap

C
b +Dbp

C
a −DCpab

)
, (2.30)

δΓcAb =
1

2
αcd (∂Apdb + ∂bpdA − ∂dpAb)− αcdΓρAbpdρ

=
1

2
(DAp

c
b +Dbp

c
A −DcpbA)−

(
1

r
Dbr

)
pcA, (2.31)

δΓcAB =
1

2
αcd (∂ApdB + ∂BpdA − ∂dpAB)− αcdΓρABpdρ
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=
1

2
(DAp

c
B +DBp

c
A −DcpAB) + ΩAB (rDdr) p

cd, (2.32)

δΓCAb =
1

2

1

r2
ΩCD (∂ApDb + ∂bpDA − ∂DpAb)−

1

r2
ΩCDΓρAbpDρ

=
1

2

1

r2

(
DAp

C
b +Dbp

C
A −DCpAb

)
−
(

1

r3
Dbr

)
pCA, (2.33)

δΓCAB =
1

r2
ΩCD (∂ApDB + ∂BpDA − ∂DpAB)− 1

r2
ΩCDΓρABpDρ

=
1

r2
CC
AB +

(
1

r
Dpr

)
ΩABp

Cp, (2.34)

where we have defined

Cc
ab ≡

1

2
αcd (Dapdb +Dbpda −Ddpab)

CC
AB ≡

1

2
ΩCD (DApDB +DBpDA −DDpAB) . (2.35)

Notice that we raise/lowered the capital Latin indices with the metric ΩAB/ΩAB, without
any factors of r.

2.3 Perturbation of the stress-energy tensor and conserved
vector about spherical symmetry

We consider linear perturbations about a spherically symmetric metric of the fluid stress-
energy tensor. The general equation is

δ (∇γT
γ
α ) =δ

(
∂γT

γ
α + ΓγγβT

β
α − ΓβγαT

γ
β

)
=∂γδT

γ
α + δΓγγβT

β
α + ΓγγβδT

β
α − δΓβγαT

γ
β − ΓβγαδT

γ
β . (2.36)

The different components are

δ (∇γT
γ
a ) =∂cP

c
a + ∂CP

C
a +

(
Γccb + ΓCCb

)
P b
a + ΓCCBP

B
a − ΓbcaP

c
b − ΓBCaP

C
B

+
(
δΓccb + δΓCCb

)
T ba − δΓbcaT cb − δΓBCaTCB

=DcP
c
a +DCP

C
a +

2

r
rcP

c
a −

1

r
raP

C
C

− Cb
caT

c
b +

(
Cc
cb +

1

2r2
Dbp

C
C −

1

r3
rbp

C
C

)
T ba −

(
1

2r2
Dap

C
C −

1

r3
rap

C
C

)
P (2.37a)

δ (∇γT
γ
A) =∂cP

c
A + ∂CP

C
A +

(
Γccb + ΓCCb

)
P b
A + ΓCCBP

B
A − ΓBCAP

C
B

+
(
δΓccB + δΓCCB

)
TBA − δΓbcAT cb − δΓBCATCB

=DcP
c
A +DCP

C
A +

2

r
rcP

c
A

+

(
1

2
DAp

c
c −

1

r
rcp

c
A

)
P −

(
1

2
DAp

b
c −

1

r
rcp

b
A

)
T cb . (2.37b)
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2.4 Perturbation of the Ricci tensor in spherical symme-
try

We will use the formula

δRαβ = −1

2
gγδ∇γ∇δδgαβ −Rα

γ
β
δδgγδ +Rγ

(αδgβ)γ +∇(αvβ) (2.38)

where,

vα ≡ gγδ∇γgαδ −
1

2
∇α (gρσδgρσ) . (2.39)

We first compute the spherical decomposition of the covariant derivatives of the perturbation
of the metric tensor [Mar04]. The first covariant derivatives follow from

∇γpαβ = ∂γpαβ − Γδγαpδβ − Γδγβpδα. (2.40)

Using Eq. (2.2), we then have

∇cpab =∂cpb − Γdcapdb − Γdcbpda

=Dcpab, (2.41a)
∇Cpab =∂Cpab − ΓDCapDb − ΓDCbpDa

=DCpab −
2

r
r(apb)C , (2.41b)

∇cpaB =∂cpaB − ΓdcapdB − ΓDcBpDa

=DcpaB −
1

r
rcpaB, (2.41c)

∇CpaB =∂CpaB − ΓDCapDB − ΓDCBpDa − ΓdCBpda

=DCpaB −
1

r
rapBC + rrdΩBCpda, (2.41d)

∇cpAB =∂cpAB − ΓDcApDB − ΓDcBpDA

=DcpAB −
2

r
rcpAB, (2.41e)

∇CpAB =∂CpAB − ΓDCApDB − ΓdCApdB − ΓDCBpDA − ΓdCBpdA

=DCpAB + 2rrdΩC(ApB)d. (2.41f)

It then follows that

va =gγδ∇γpδa −
1

2
∇a

(
gγδpγδ

)
=αcd∇cpda +

1

r2
ΩCD∇CpDa −

1

2
∇ap

=αcdDcpda +
1

r2
ΩCD

(
DCpDa −

1

r
rapCD + rrdΩCDpad

)
− 1

2
Dap
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=Dcpa
c +

1

r2
DCpa

C − 1

r3
rapC

C +
2

r
rdpad −

1

2
Dap (2.42a)

vA =gγδ∇γpδA −
1

2
∇A

(
gγδpγδ

)
=αcd∇cpdA +

1

r2
ΩCD∇CpDA −

1

2
∇Ap

=αcdDcpdA −
1

r
rdpdA +

1

r2
ΩCDDCpDA +

2

r
rdΩCDΩC(DpA)d −

1

2
DAp

=DcpA
c +

1

r2
DCpA

C +
2

r
rdpAd −

1

2
DAp (2.42b)

We also have

∇avb =∂avb − Γcabvc

=Davb (2.43a)
∇avB =∂avB − ΓCaBvC

=DavB −
1

r
ravB, (2.43b)

∇Avb =∂Avb − ΓCAbvC

=DAvb −
1

r
rbvA, (2.43c)

∇AvB =∂AvB − ΓCABvC − ΓcABvc

=DAvB + ΩABrr
cvc. (2.43d)

We compute the second derivative of the perturbed metric tensor using

∇δ∇γpαβ =∂δ (∇γpαβ)− Γρδγ (∇ρpαβ)− Γρδα (∇γpρβ)− Γρδβ (∇γpαρ) . (2.44)

To compute the perturbation of the Ricci tensor in spherical symmetry, all we have to
compute are

∇c∇dpαβ, ∇C∇Dpαβ. (2.45)

For α = a, β = b, we have

∇d∇cpab =∂d (∇cpab)− Γpdc (∇ppab)− Γpda (∇cppb)− Γpdb (∇cpap)

=DdDcpab, (2.46a)
∇D∇Cpab =∂D (∇Cpab)− ΓPDC (∇Ppab)− ΓpDC (∇ppab)− ΓPDa (∇CpPb)− ΓPDb (∇CpaP )

=DD (∇Cpab) + rrpΩCD∇ppab −
2

r
r(a∇|C|pb)D

=DD

(
DCpab −

2

r
r(apb)C

)
+ rrpΩCDDppab

− 2

r
r(a

(
D|C|pb)D −

1

r
rb)pCD + pb)prr

pΩCD

)
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=DDDCpab −
2

r
r(aD|D|pb)C −

2

r
r(aD|C|pb)D

+
2

r2
rarbpCD + rrpΩCD

(
Dppab −

2

r
r(apb)p

)
(2.46b)

For α = a, β = B, we have

∇d∇cpaB =∂d (∇cpaB)− Γpdc (∇ppaB)− Γpda (∇cpaB)− ΓPdB (∇cpaP )

=Dd (∇cpaB)− 1

r
rd∇cpaB

=Dd

(
DcpaB −

1

r
rcpaB

)
− 1

r
rd

(
DcpaB −

1

r
rcpaB

)
=DdDcpaB +

1

r2
rcrdpaB −

1

r
rcdpaB −

1

r
rcDdpaB −

1

r
rdDcpaB +

1

r2
rcrdpaB

=DdDcpaB −
2

r
r(cDd)paB +

(
2

r2
rcrd −

1

r
rcd

)
paB, (2.47a)

∇D∇CpaB =∂D (∇CpaB)− ΓPDC (∇PpaB)− ΓpDC (∇ppaB)− ΓPDa (∇CpPB)

− ΓPDB (∇CpaP )− ΓpDB (∇Cpap)

=DD (∇CpaB)− 1

r
ra∇CpDB + rrpΩCD∇ppaB + rrpΩBD∇Cpap

=DD

(
DCpaB −

1

r
rapBC + rrdΩBCpad

)
− 1

r
ra
(
DCpBD + 2rrdΩC(BpD)d

)
+ rrpΩCD

(
DppaB −

1

r
rppaB

)
+ rrpΩBD

(
DCpap −

2

r
r(app)C

)
=DDDCpaB −

2

r
raD(CpD)B + rrp

(
ΩCDDppaB −

1

r
raΩBCppD

)
+ 2rrp

(
ΩB(CDD)pap −

1

r
rpΩD(BpC)a −

1

r
raΩD(BpC)p

)
. (2.47b)

For α = A, β = B, we have

∇d∇cpAB =∂d (∇cpAB)− Γpdc (∇ppAB)− ΓPdA (∇cpPB)− ΓPdB (∇cpPA)

=Dd (∇cpAB)− 2

r
rd (∇cpAB)

=DdDcpAB −
2

r
rcdpAB +

6

r2
rcrdpAB −

4

r
r(cDd)pAB, (2.48a)

∇D∇CpAB =∂D (∇CpAB)− ΓPDC (∇PpAB)− ΓpDC (∇ppAB)

− ΓPDA (∇CpPB)− ΓpDA (∇CppB)− ΓPDB (∇CpPA)− ΓpDB (∇CppA)

=DD (∇CpAB) + ΩCDrr
p (∇ppAB) + 2ΩD(Arr

p
(
∇|C|pB)p

)
=DD

(
DCpAB + 2rrdΩC(ApB)d

)
+ rrpΩCD

(
DppAB −

1

r
rppAB

)
13



+ 2rrpΩD(A

(
D|C|pB)p −

1

r
r|p|pB)C + rrqΩB)Cppq

)
=DDDCpAB + 2rrp

(
ΩC(AD|D|pB)p + ΩD(AD|C|pB)p

)
− 2rprp

(
ΩCDpAB + ΩD(ApB)C

)
+ 2r2rprqΩD(AΩB)Cppq + rrpΩCDDppAB

(2.48b)

These expressions match those in Martel’s PhD thesis [Mar04].
We can now compute the covariant wave operator acting on the perturbed metric

gγδ∇γ∇δpab =

(
αcd∇c∇d +

1

r2
ΩCD∇C∇D

)
pab

=

(
DcD

c +
1

r2
DCD

C

)
pab −

4

r3
r(aD|C|pb)

C

+
2

r
rc
(
Dcpab −

2

r
r(apb)c

)
+

2

r4
r(arb)Ω

CDpCD (2.49)

gγδ∇γ∇δpaB =

(
αcd∇c∇d +

1

r2
ΩCD∇C∇D

)
paB

=

(
DcD

c +
1

r2
DCD

C

)
paB −

1

r

(
1

r
rcr

c + rc
c

)
paB −

4

r2
rar

cpBc

− 2

r3
raDCpB

C +
2

r
rcDBpac (2.50)

gγδ∇γ∇δpAB =

(
αcd∇c∇d +

1

r2
ΩCD∇C∇D

)
pAB

=

(
DcD

c +
1

r2
DCD

C

)
pAB −

2

r
(rc

c + rcDc) pAB

+
4

r
rcD(ApB)c + 2ΩABr

crdpcd. (2.51)

We next consider the covariant components of the Riemann tensor contracted with the
perturbed metric.

Ra
γ
b
δpγδ =Ra

c
b
dpcd +Ra

C
b
DpCD

=
1

2
R
(
αabα

cd − δdaδcb
)
pcd −

1

r3
(rab) ΩCDpCD (2.52a)

Ra
γ
B
δpγδ =Ra

C
B
dpCd

=

(
1

r
rda

)
pBd (2.52b)

RA
γ
B
δpγδ =RA

c
B
dpcd +RA

C
B
DpCD

=− ΩAB

(
rrcd

)
pcd +

1

r2
(1− rara)

(
ΩABΩCD − δDA δCB

)
pCD. (2.52c)
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Finally, we consider the covariant components of the Ricci tensor contracted with the per-
turbed metric

Rγ
(apb)γ =Rc

(apb)c

=
1

2
Rpab −

2

r
rc(apb)c (2.53a)

Rγ
(apB)γ =

1

2

(
Rc

apBc +RC
BpaC

)
=− 1

r
rcapBc +

(
1

4
R+

1

2r2
(1− rcrc − rrcc)

)
paB (2.53b)

Rγ
(ApB)γ =RC

(ApB)C

=
1

r2
(1− rcrc − rrcc) pAB. (2.53c)

Alternatively, we could make use of the Einstein equations are write this as

Rγ
(apb)γ =κT̂ c(apb)c (2.54a)

Rγ
(apB)γ =

κ

2

(
T̂ capBc + T̂CBpaC

)
=
κ

2

(
T̂ capBc − (E − P) paB

)
(2.54b)

Rγ
(ApB)γ =

κ

2
(E − P) pAB. (2.54c)
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Chapter 3

Axial and polar spherical harmonic
decomposition of the Einstein equations

3.1 Axial perturbations
We only need to consider the components δRaB and δRAB. As we reviewed in Sec. 2.2, as first
shown in [MP05], we can work in the Regge-Wheeler gauge, and then promote the variables
to gauge-invariant ones at the end. We also drop the `,m labels to make the equations
less cluttered. We use =̇ to indicate that we are dropping all terms that are zero for an
axial perturbation in Regge-Wheeler gauge. The only nonzero component of the metric
perturbation then is

paB=̇haSB. (3.1)

3.1.1 Computing the aB component of the Ricci tensor

We first look at

gγδ∇γ∇δpaB=̇

(
DcD

c +
1

r2
DCD

C

)
SBha −

1

r

(
1

r
rcr

c + rcc

)
SBha −

4

r2
rar

chcSB

=

((
DcD

c +
1

r2
(1− ` (`+ 1))− 1

r2
rcr

c − 1

r
rc
c

)
ha −

4

r2
rarch

c

)
SB. (3.2)

We next look at

∇avB +∇Bva=̇

(
Da −

2

r
ra

)
vB

=̇

(
Da −

2

r
ra

)(
Dch

c +
2

r
rch

c

)
SB

=

(
DaDch

c +
2

r
rcDah

c − 2

r
raDch

c +
2

r
rach

c − 6

r2
rarch

c

)
SB. (3.3)
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For the Riemann and Ricci tensor components, we have

Ra
γ
B
δpγδ =

(
1

r
rac

)
hcSB (3.4)

Rγ
(apB)γ =

1

2

(
κT̂ach

c +
1

r2
(1− rcrc − rrcc)ha

)
SB. (3.5)

We have substituted the trace-reverse of the stress-energy tensor T̂ab for Rab, while directly
writing out the expression for RAB, so our formulas will match those in [MP05]1. Using
Eq. (1.20), and promoting everything to gauge-invariant quantities, we are left with

δRaB =
1

2

(
−
(
DcD

c − 1

r2
` (`+ 1)

)
h̃a +DaDch̃

c +
4

r
r[cDa]h̃

c − 2

r2
rarch̃

c + κT̂ach̃
c

)
SB.

(3.6)

We can now write down the tensor equations of motion,

δRaB=̇κ

(
δTaB −

1

2
δgaBT

)
. (3.7)

3.1.2 Computing the AB component of the Ricci tensor

We first look at

gγδ∇γ∇δpAB=̇
4

r
rcΩ

CDΩC(AD|D|SB)h
c

=
4

r
rch

cSAB. (3.8)

We next look at

∇AvB +∇BvA=̇DAvB +DBvA

=̇ (DASB +DBSA)

(
Dch

c +
2

r
rch

c

)
=2

(
Dch

c +
2

r
rch

c

)
SAB (3.9)

where, SAB ≡ D(ASB). The other terms RA
γ
B
γpγδ and Rγ

(ApB)γ are zero for axial per-
turbations in the Regge-Wheeler gauge. Using Eq. (1.20), and promoting everything to
gauge-invariant quantities, we have

δRAB = Dch̃
cSAB. (3.10)

Note that the axial perturbation of the AB component of the Einstein and Ricci tensors are
the same in the Regge-Wheeler gauge

δGAB=̇δRAB. (3.11)

This is why our expression Eq. (3.10) matches Eq (5.9) of [MP05].
1Their Eq. 5.8, although note that those authors assume the background is vacuum so Rµν = 0.
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3.1.3 Computing the a component of the Bianchi identity

There are no axial perturbations of this component.

3.1.4 Computing the A component of the Bianchi identity

We next consider the divergence of the stress-energy tensor (see Sec. (2.3)). We first look at

DcP
c
A +

2

r
rcP

c
A +DCP

C
A =̇SA

(
DcH

c +
2

r
rcH

c

)
+

1

r2
DCS

C
AH2

=SA
(

1

r2
Dc

(
r2Hc

)
+

1

r2

(
1− 1

2
` (`+ 1)

)
H2

)
. (3.12)

Next, looking at the metric perturbations, we have(
1

2
DAp

c
c −

1

r
rcp

c
A

)
P −

(
1

2
DAp

c
b −

1

r
rbp

c
A

)
T bc =̇SA

(
−1

r
rch

cP +
1

r
rbh

cT bc

)
. (3.13)

Promoting ha to its gauge invariant counterpart h̃a, we conclude that the axial matter
equations of motion are

1

r2
Dc

(
r2Hc

)
− (`− 1) (`+ 2)

2r2
H2 +

1

r
rch̃

bT cb −
1

r
rch̃

cP = 0. (3.14)

3.2 Polar spherical harmonic decomposition of the Ein-
stein equations

We need to consider the components δRab, δRaB, and δRAB. As we review in Sec. 2.2, we
can work in the Regge-Wheeler gauge, and promote all variables to their gauge-invariant
counterparts at the end of the calculation. We now use =̇ to indicate that we only keep
terms that are nonzero in a polar decomposition in Regge-Wheeler gauge. We work in a
spherical harmonic basis and drop the `,m labels to make the expressions less cluttered.
The only nonzero components of the metric perturbation are

pab=̇habY, (3.15a)
pAB=̇r2kΩABY. (3.15b)

3.2.1 Computing the ab components of the Ricci tensor

We first look at

gγδ∇γ∇δpab=̇

(
DcD

c +
1

r2
DCD

C

)
habY +

2

r
rc
(
Dchab −

2

r
r(ahb)c

)
Y +

4

r2
r(arb)kY
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=

((
DcD

c − ` (`+ 1)

r2

)
hab +

2

r
rc
(
Dchab −

2

r
r(ahb)c

)
+

4

r2
r(arb)k

)
Y. (3.16)

We next look at (we can symmetrize later)

∇avb=̇Da

(
Dchb

c − 2

r
rbk +

2

r
rchbc −

1

2
Db (h+ 2k)

)
Y

=

(
DaDchb

c +
2

r2
rarbk +

1

r
rc
(
2D(ahb)c −Dchab

)
− 2

r2
rar

chbc +
2

r
(rcahbc + rcDahbc)−DaDb

(
1

2
h+ k

))
Y. (3.17)

For the Riemann and Ricci tensor components, we have

Ra
γ
b
δpγδ=̇

(
1

2
R
(
αabα

cd − δcaδdb
)
hcd −

2

r
rabk

)
Y, (3.18)

Rγ
(apb)γ=̇

(
1

2
Rhab −

2

r
rc(ahb)c

)
Y. (3.19)

Using Eq. (1.20), and promoting everything to gauge-invariant quantities, we end up with

δRab=̇

(
− 1

2

(
DcD

c − ` (`+ 1)

r2

)
h̃ab +D(aD

ch̃b)c −DaDb

(
1

2
h̃+ k̃

)

+
2

r
rc
(
Dch̃ab +D(ah̃b)c

)
− 2

r
r(aDb)k̃ +

1

2
R
(

3h̃ab − αabh̃
))

Y. (3.20)

3.2.2 Computing the aB component of the Ricci tensor

We first look at

gγδ∇γ∇δpaB=̇

(
−2

r
rak +

2

r
rchac

)
EB. (3.21)

We next look at

∇avB +∇Bva =DavB +DBva −
2

r
ravB

=̇

(
Dcha

c −Dak −Dah+
2

r
rcha

c +
1

r
rah−

2

r
rak

)
EB. (3.22)

The Riemann tensor components are zero

Ra
γ
B
δpγδ=̇0. (3.23)
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The Ricci tensor components are also zero

Rγ
(apB)γ=̇0. (3.24)

Using Eq. (1.20), and promoting to gauge-invariant quantities, we have

δRaB=̇
1

2

(
Dch̃a

c −Dah̃−Dak̃ +
1

r
rah̃

)
EB. (3.25)

3.2.3 Computing the AB components of the Ricci tensor

We first look at

gγδ∇γ∇δpAB=̇

(
DcD

c +
1

r2
DCD

C

)
ΩABr

2kY − 2

r
(rcc + rcDc) ΩABr

2kY + 2ΩABr
crdhcdY

=

((
DcD

c − ` (`+ 1)

r2

)
k +

2

r
rcDck −

2

r2
rcr

ck +
2

r2
rcrdhcd

)
r2ΩABY. (3.26)

We next look at (we can symmetrize later)

∇AvB =DAvB + ΩABrr
cvc

=− 1

2
hZAB

+

(
1

r
rcDdhc

d − 1

r
rcDch−

2

r
rcDck +

2

r2
rcrdhcd −

2

r2
rcr

ck − ` (`+ 1)

2r2
h

)
r2ΩABY.

(3.27)

The Riemann tensor components are

RA
γ
B
δpγδ=̇

(
−1

r
rcdhcd +

1− rarc

r2
k

)
r2ΩABY. (3.28)

The Ricci tensor components are also zero

Rγ
(ApB)γ=̇

(
1− rara − rraa

r2
k

)
r2ΩABY. (3.29)

Using Eq. (1.20), and promoting to gauge-invariant quantities, we have

δRAB =− 1

2
h̃ZAB

+

(
− 1

2

(
DcD

c − ` (`+ 1)

r2

)
k̃ − 3

r
rcDck̃ −

(
1

r2
rcrc − 1

r
rcc

)
k̃

+
1

r
rcDdh̃c

d − 1

r
rcDch̃+

2

r2
rcrdh̃cd −

` (`+ 1)

2r2
h̃

)
r2ΩABY. (3.30)
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3.2.4 Computing the a component of the Bianchi identity

We consider the divergence of the stress-energy tensor. We first look at

DcP
c
a +DCP

C
a +

2

r
rcP

c
a −

1

r
raP

C
C =

(
DcH

c
a +

2

r
rcH

c
a −

` (`+ 1)

r2
Ja −

2

r
raK

)
Y. (3.31)

We next look at the metric terms

−Cb
caT

b
b +

(
Cc
cb −

1

r4
rbp

C
C

)
T ba +

1

r3
rap

C
CP =

(
−Cb

caT
b
b +

(
Cc
cb −

2

r2
rbk

)
T ba +

2

r
rakP

)
Y.

(3.32)

Putting everything together, we have

1

r2
Dc

(
r2Hc

a

)
− ` (`+ 1)

r2
Ja −

2

r
raK − Cb

caT
b
b +

(
Cc
cb −

2

r2
rbk

)
T ba +

2

r
rakP = 0. (3.33)

3.2.5 Computing the A component of the Bianchi identity

We consider the divergence of the stress-energy tensor. We first look at

DcP
c
A +DCP

C
A +

2

r
rcP

c
A =

(
DcJ

c +K − (`+ 2) (`− 1)

2
G+

2

r
rcJ

c

)
EA. (3.34)

We next look at the metric terms

1

2
DAp

c
cP −

1

2
DAp

b
cT

c
b =

1

2

(
hP − T bc hcb

)
EA. (3.35)

Putting everything together, we have

1

r2
Dc

(
r2J c

)
+K − (`+ 2) (`− 1)

2
G+ hP − T bc hcb = 0. (3.36)
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Appendix A

Scalar, vector, and tensor spherical
harmonics

We work on the unit two-sphere S2, with metric ΩAB, Levi-Cevita tensor εAB, and metric
compatible derivative DA. The Ricci tensor is R = +2. Our notation for the spherical
harmonics follows that of [NR05].

A.1 Scalar spherical harmonics
The scalar spherical harmonics satisfy(

ΩABDADB + ` (`+ 1)
)
Y m
` = 0, (A.1)

along with the following orthogonality relation∫
dΩY m

` Y
m′

`′ = δ``′δmm′ . (A.2)

A.2 Vector spherical harmonics
The polar and axial vector spherical harmonics respectively are

[Em
` ]A ≡ DAY

m
` , [Sm` ]A ≡ εBAD

BY m
` . (A.3)

The vector spherical harmonics satisfy(
ΩABDADB + (−1 + ` (`+ 1))

)
[V m
` ]C = 0, (A.4)

along with the following orthogonality relation∫
dΩ [V m

` ]A

[
V m′

`′

]A
= ` (`+ 1) δ``′δmm′ . (A.5)
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The divergence of the polar and axial vector spherical harmonics respectively are

DA [Em
` ]A =DAD

AY m
`

=− ` (`+ 1)Y m
` . (A.6)

DA [Sm` ]A =εBAD
BDAY m

`

=0. (A.7)

A.3 Tensor spherical harmonics
The polar and axial tensor spherical harmonics respectively are

[Zm
` ]AB ≡ DADBY

m
` +

1

2
` (`+ 1) ΩABY

m
` , [Sm` ]AB ≡ D(A [Sm` ]B) . (A.8)

The tensor spherical harmonics satisfy(
ΩABDADB + (−2 + ` (`+ 1))

)
[Tm` ]CD = 0, (A.9)

along with the following orthogonality relation∫
dΩ [Tm` ]AB

[
Tm

′

`′

]AB
=

1

2
(`− 1) ` (`+ 1) (`+ 2) δ``′δmm′ . (A.10)

The polar and axial tensor spherical harmonics are both traceless

ΩAB [Zm
` ]AB =DAD

AY m
` + ` (`+ 1)Y m

`

=0, (A.11)

ΩAB [Sm` ]AB =DA [Sm` ]A

=0. (A.12)

The trace is captured by the scalar spherical harmonic Y m
` , which is sometimes denoted by

[Mar04]

[Um
` ]AB ≡ ΩABY

m
` . (A.13)

The divergence of the polar and axial tensor spherical harmonics respectively are

DA [Zm
` ]AB =DAD

ADBY m
` +

1

2
` (`+ 1)DBY m

`

=DBDAD
AY m

` +RB
CD

CY m
` +

1

2
` (`+ 1)DBY m

`

=DBY m
` −

1

2
` (`+ 1)DBY m

`

=

(
1− 1

2
` (`+ 1)

)
[Em

` ]B , (A.14)
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DA [Sm` ]AB =
1

2
DA

(
DA [Sm` ]B +DB [Sm` ]A

)
=

1

2

(
(1− ` (`+ 1)) [Sm` ]B +DBDA [Sm` [A +RB

C [Sm` ]C
)

=

(
1− 1

2
` (`+ 1)

)
[Sm` ]B . (A.15)

We have used that R = 2 and RAB = (R/2)ΩAB = ΩAB.
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