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What are the properties of high-density nuclear matter?

LQCD = −1
4 tr (FµνFµν) + ψ̄ (iγµDµ −m)ψ
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What are the properties of high-density nuclear matter?

Yunes+ Nature Rev.Phys. 4 (2022) 4, 237-246
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Neutron stars: relativistic, viscous, fluid

1. Density ρ, temperature T

2. Pressure p (T , ρ)
3. Bulk viscosity ζ (T , ρ)
4. Shear viscosity η (T , ρ)
5. Heat flux qµ (T , ρ)

Tµν = (ρ+ p + ζθ) uµuν + pgµν − 2ησµν + 2q(µuν) + · · · .
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Equation of state

Equation of state: p (ρ)
Strong Force

Weak Force

Electromagnetism

p (ρ)
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Neutron star viscosity

Viscosity: {ζ (ρ) , η (ρ)}
Strong Force

Weak Force

Electromagnetism

ζ (ρ), η (ρ)

Neutron stars: η � ζ (Sawyer
1989)

Yang+ (2023); Hegade, Yang,
Noronha, Teixera, Noronha-Hostler,
Yunes, JLR, ... (work in progress...)
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What is viscosity?

1. Transfers bulk kinetic energy → internal energy

2. ∆E = T ∆S − P∆V

3. Viscosity increases the entropy
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2. ∆E = T ∆S − P∆V

3. Viscosity increases the entropy

v

∆S ∼ ησµνσ
µν ∼ η (∆v)

2

v

∆S ∼ ζθ2 ∼ ζ (∆V )
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What is bulk viscosity?

V

P

∫
PdV

∆E = T ∆S − P∆V .

1. Phase lag in system response

2. Internal property of system (Urca processes: proton fraction) takes
time to equilibrate

3. Out of phase: work: dissipation

8



What is bulk viscosity?

V

P

∫
PdV

∆E = T ∆S − P∆V .

1. Phase lag in system response

2. Internal property of system (Urca processes: proton fraction) takes
time to equilibrate

3. Out of phase: work: dissipation

8



What is bulk viscosity?

V

P

∫
PdV

∆E = T ∆S − P∆V .

1. Phase lag in system response

2. Internal property of system (Urca processes: proton fraction) takes
time to equilibrate

3. Out of phase: work: dissipation

8



Bulk viscosity in neutron stars: Urca processes (Sawyer 1989)

1. Neutron star:
ζ ∼ 1031−32 g cm−1s−1 (Yang+
2023)

2. Pitch: η ∼ 109 g cm−1s−1

n p+ e+ ν̄e

p+ en+ νe

∆S ∼ ζ (∆V )
2
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Particle conversion: temperature dependence

n p+ e+ ν̄e

p+ en+ νe

∆S ∼ ζ (∆V )
2

N + n N + p+ e+ ν̄e

N + p+ eN + n+ νe

∆S ∼ ζ (∆V )
2

n+ p p+ Λ

n+ nn+ Λ

n+ ΛΛ + Λ

∆S ∼ ζ (∆V )
2

ζ = ζUrca + ζmUrca + ζHyperon ∼ 1026−32 g
cm s

ζUrca ∝ T 4 ζmUrca ∝ T 6 ζHyperon ∝ T−2

Sawyer (1989), Yakovlev+Levenfish (1994), Jones (2001), Linblom+Owen
(2002), Most+ (2021), Yang+ (2023), ...
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Different assumptions: different values at a fixed temperature

ζ (ρ)

Yang+ (2023); 24–.— Hegade, Yang, Teixera, Noronha, Noronha-Hostler,
Yunes, JLR, ... (work in progress...) 11



Neutron star binaries

Dietrich+ (2021)

How well can we constrain p (ρ) and ζ (ρ) with gravitational wave
observations of the inspiral of neutron star binaries?
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Previous work

• Viscous effects and tidal locking (Bildsten+Cutler 1992)

• Viscous effects and change in NS shape (Kochaneck 1992)
• Dissipation: 4PN order in the GW phase (Poisson+Sasaki 1994,

Tagoshi+ 1997, Alvi 2001)
• Specific PN contribution of bulk viscosity during inspiral not

measurable (Most+ 2021)
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Main conclusions

Qij ∼ −ΛEij − Ξ∂tEij .

• Tidal deformability Λ: correction to GW phase due to equilibrium
properties of star p (ρ)

• Dissipative tidal deformability Ξ: correction to GW phase from
out-of-equilibrium, dissipative properties of star ζ (ρ)

• Physically allowed values of viscosity may be constrained with
inspiral GW data from ground-based detectors
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Overview of rest of talk

1. Tidal response of a relativistic star
2. Computing the GW phase
3. Measuring tides from GW170817 & implications for nuclear physics

15



Tidal response of a (relativistic) star

Eµν(t)

Qµν(t)

24–.–, Abhishek Hegade, JLR, Nicolás Yunes
16



Tidal response of a star

• Assume slowly changing tidal field

dEµν
dτ � ωf Eµν ,

d2Eµν
dτ 2 � ωf

dEµν
dτ , · · ·

• Assume linear quadrupolar response

Qµν = −λ2Eµν − λ2τ
(1)
2

dEµν
dτ − λ2τ

(2)
2

d2Eµν
dτ 2 − · · · .

17



Leading order, Newtonian response

Interpret τ (1)
2 as tidal lag time (Darwin 1879)

Qµν ≈ −λ2Eµν
(

t − τ (1)
2

)
≈ −λ2Eµν − λ2τ

(1)
2

dEµν
dτ .

18



Tidal deformabilities 1

• Stellar compactness

CA ≡
mA
RA

.

• Tidal deformability (Flanagan+Hinderer 2007)

ΛA ≡
λ

(0)
2,A

m5
A

= 2
3

k2,A

C5
A
,

• Dissipative tidal deformability

ΞA ≡ −
λ

(0)
2,Aτ

(1)
2,A

m6
A

= 2
3

k2,A

C6
A

τd,A
tR

.

•
Qµν ≈ −m5

AΛAEµν + m6
AΞA∂tEµν .
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Tidal deformabilities 2

• Tidal response in frequency space

Qµν (ω) = F2 (ω) Eµν (ω) = (Λ (ω) + Ξ (ω)) Eµν (ω) .

• Damped simple harmonic oscillator

Qµν (ω) = A
ω2 − ω2

0 − iγωEµν (ω)

= − A
ω2

0

(
1− i γω

ω2
0

+O
(
ω2))Eµν (ω) .

•
Λ = − A

ω2
0
, Ξ = γ

ω2
0
.

• Contribution to k2,A,ΛA: p (ρ) (Flanagan+Hinderer, 2007)
• Contribution to τd,A,ΞA: ζ (ρ), η (ρ) (Hegade+JLR+Yunes, in prep)
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Tides in our solar system

NASA

21



The moon and tides

r
Eij(t)

Qij(t) ∼ ΛEij (t− τd)

NASA

22



Tides and relativistic stars

Perturbation theory about a static star

δGµν = 8πδTµν
δ (∇µTµν) = 0

Tµν = (ρ+ p + ζθ) uµuν + pgµν − 2ησµν + · · ·
p (ρ) , ζ (ρ) ...

23



Brief overview of stellar perturbation theory

(Thorne + Campolattaro 1967)

1. Metric perturbation

gµνdxµdxν = −eν(r) (1− 2H(r)e−iωtr `Y`m
)

dt2

− 2iH1(r)e−iωtr `Y`mdtdr
+ eλ(r) (1 + 2H2(r)e−iωtr `Y`m

)
dr2

+ r2 (1− K (r)e−iωtr `Y`m
)

dΩ2

2. Fluid perturbation: Lagrangian perturbation theory: ξµ, ∆ ≡ δ + Lξ
δut = e− ν

2 r `He−iωtY`m ,
δur = −iωe−(λ+ν)/2r `−1We−iωtY`m ,
δuA = iωe−ν/2r `Ve−iωtE `mA

∆p
p = γ

∆n
n

∆n = · · · .
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Brief overview of stellar perturbation theory

1. Can reduce to four first-order ordinary differential equations

d ~Y
dr = A~Y + B~S ,

~Y ≡ (H,W ,V ,H ′) ,
~S ≡ (S0,S1,SZ ,SΩ,S ′0,S ′1,S ′Z ,S ′Ω,S ′′1 ) ,

2. ~Y : metric + perfect fluid terms (Linblom+Detweiler (1983),
Detweiler+Linblom (1985), Lindblom+ (1997))

3. ~S: viscous terms (Hegade+ (in prep))
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Matching to zones

Post-Newtonian Zone

d

Inner
Body
Zone A

Outer Body Zone A

Inner
Body
Zone B

Outer Body Zone B

Matching neutron star perturbation to external (Post-Newtonian) metric
(Poisson 2020, Hegade + (in prep))
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ΛA and relativistic stars

Stationary perturbation

gµν = g (0)
µν + δgµν (x)

P = P(0) + δP (x)
· · ·

Λ: contribution from p (ρ), no
contribution from ζ, η

(Flanagan+Hinderer (2007);
Hinderer (2007), JLR, Hegade,
Yunes (2023))
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ΞA and relativistic stars

Slowly changing perturbation

δGµν = 8πδTµν
gµν = g (0)

µν + δgµν (t, x)
P = P(0) + δP (t, x)
· · ·

mA∂tgµν � 1
mA∂tP � 1

Ξ ∝ {ζ, η}
(Hegade, JLR, Yunes (in prep))
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ΞA and relativistic stars

(Hegade, JLR, Yunes (in prep))

More shear than compression of star.
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ΞA and relativistic stars

(Hegade, JLR, Yunes (in prep))

More shear than compression of star.
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Tides and black holes

1. Tidal deformability is zero (Binnington+Poisson 2009, Chia 2020)

ΛA = 0

2. Dissipative deformability is nonzero (Poisson 2009)

ΞA ∼ 10−6s
(

M
20M�

)
.

30
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Generation of gravitational waves from neutron star binaries

2306.15633, JLR, Abhishek Hegade, Nicolás Yunes
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Generation of gravitational waves

Accelerating masses generate gravitational waves

δgµν ≡hµν .

Baumgarte+Shapiro 2010

hij (t) ∼ Ïij (t − r)

32



Computing the GW phase

• GW strain h

h (f ) = A (f ) e iΨ(f ).

• Differential equation for phase in terms of total binding energy Etot of
a binary (Tichy+ 2000)

d2Ψ
df 2 = 2π

Ėtot

dEtot
df .

• Compute Etot , Ėtot for a Newtonian binary, including tidal responses
of each star

33



Gravitational waves and neutron star binaries

Image courtesy of Rohit Chandramouli 34



Newtonian dynamics of two point particles

Center of mass acceleration

ai = M
r ∂i

1
r

r

mA

v

mB

v

35



Newtonian dynamics with finite size corrections

Center of mass acceleration

ai = M
r ∂i

1
r

+ M
2

(
Q<jk>

A
mA

+ Q<jk>
B
mB

)
∂i∂j∂k

1
r .

Quadrupolar moment

Q ij
A = m5

AΛAE ij
A .

r

Q
(A)
ij ∼ ΛE

(B)
ij , mA

v

mB , Q
(B)
ij ∼ ΛE

(A)
ij

v
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Newtonian dynamics with finite size + time corrections

Center of mass acceleration

ai = M
r ∂i

1
r

+ M
2

(
Q<jk>

A
mA

+ Q<jk>
B
mB

)
∂i∂j∂k

1
r .

Quadrupolar moment

Q ij
A = m5

A

(
ΛAE ij

A −mAΞA
dE ij

A
dt

)
.

r

Q
(A)
ij ∼ ΛAE

(B)
ij + ΞA∂tE

(B)
ij , mA

v

mB , Q
(B)
ij ∼ ΛBE

(A)
ij + ΞB∂tE

(A)
ij

v
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Energy equation

dEorb
dt = Fdiss .

r

Q
(A)
ij ∼ ΛAE

(B)
ij + ΞA∂tE

(B)
ij , mA

v

mB , Q
(B)
ij ∼ ΛBE

(A)
ij + ΞB∂tE

(A)
ij

v

where

Eorb =1
2µviv i − µM

r − 3µM
2r6

(
mBm4

AΛA + mAm4
BΛB

)
,

Fdiss =− 9µM
r8

(
mBm5

AΞA + mAm5
BΞB

) (
2ṙ2 + viv i) .
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Gravitational wave phase

Phasing formula
d2Ψ
df 2 = 2π

Ėtot

dEtot
df .

Energy

Etot = Eorb,
dEtot

dt = Fdiss + FGW .

Integrate twice, obtain

Ψ (f ) = 3
128

1
ηSM

u−5
[
1− 75

4 Ξ̄ u8 log(u)− 39
2 Λ̄u10

]
+ 2πftc − ϕc −

π

4 ,
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Tidal contribution to gravitational waveform

∆ΨΛ = −117
256

1
ηSM

Λ̄u5, ∆ΨΞ = − 225
4096

1
ηSM

Ξ̄u3 log (u) .

Ξ̄ enters at lower PN order than Λ̄
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Assumptions

• No initial spin

• Negligible tidal spinup of stars
• This approximation breaks down (stars become tidally locked) for

white dwarfs (Burkart+ 2013)
• Ignore heating/finite temperature effects
• Orbital frequency far away from any stellar resonances

• Could break down in the presence of low-frequency, highly stratified
(g-) modes
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GW170817: what can the data tells us about NS tides?

2312.11659: JLR, Abhishek Hegade, Rohit Chandramouli, Nicolás Yunes
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GW170817
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GW170817
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GW170817

1. August 17, 2017: Binary neutron star
inspiral + merger

2. Merger: burst of electromagnetic
radiation

(NASA)

(Artists impression; LIGO-Virgo-KAGRA)
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44



GW170817: facts

1. Masses: ∼ 1.4M�, ∼ 1.3M�
2. Signal duration: ∼ 2 min

(Artists impression; LIGO-Virgo-KAGRA)
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Constraints on Λ̄ and Ξ̄ from GW170817

∆ΨΛ = −117
256

1
ηSM

Λ̄u5, ∆ΨΞ = − 225
4096

1
ηSM

Ξ̄u3 log (u) .
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Gravitational wave data analysis

Bayes’ rule/theorem:

P (θ|d) = P (d |θ) P (θ)
P (d) .

1. d ∼ h: Measured strain in detectors

2. θ:
(
mA,mB ,D, ..., Λ̄, Ξ̄

)
3. P (d |θ) ∼ Sn (h, h (θ; f )): h (θ f ): IMRPhenomPv2_NRTidal

(Dietrich+ 2018) + Ξ̄ phase correction

4. Bilby (Ashton+ 2018) with nested sampling library dynesty
(Speagle 2019)

What is P
(
Λ̄|d
)
from GW170817?

What is P
(
Ξ̄|d
)
from GW170817?
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Old: P
(
Λ̄
)
for GW170817

∆ΨΛ = −117
256

1
ηSM

Λ̄u5 + · · · .

LIGO/Virgo 1710.05832

Multiple equations of state p (ρ) ruled out/disfavored by data.
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New: P
(
Ξ̄
)
for GW170817

∆ΨΞ = − 225
4096

1
ηSM

Ξ̄u3 log (u) .

2312.11659 JLR, Hegade, Chandramouli, Yunes

〈ζ〉 . 1031 g
cm s 〈η〉 . 1028 g

cm s
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PRELIMINARY: Implications for nuclear theory

PRELIMINARY

PRELIMINARY

24–.— Hegade, Yang, Teixera, Noronha, Noronha-Hostler, Yunes, JLR, ...
(work in progress...) 50



PRELIMINARY: Implications for nuclear theory

Yang+ (2023), Hegade, Yang, Teixera, Noronha, Noronha-Hostler, Yunes,
JLR, ... (work in progress...)

〈ζ〉 . 1031 g
cm s 〈η〉 . 1028 g

cm s

CAUTION: Temperature of stars unknown

ζUrca ∝ T 4 ζmUrca ∝ T 6 ζHyperon ∝ T−2

CAUTION: more work on theory prediction for ζ, η

ζ (ω)
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Putting everything together

1. Ψ→ Λ̄→ Ξ̄→ p (ρ), ζ (ρ),
η (ρ)→ nuclear physics

2. Can probe equilibrium &
out-of-equilibrium nuclear
physics of neutron stars

52



Better detectors → more binary neutron star detections

Bailes+ 2021 53



Better detectors → better constraints

LVK-O4
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Future work

• Compute relativistic, disspative tidal response (Hegade, JLR, Yunes)

• Relativistic, dissipative tidal response for physically relatistic equations
of state (Hegade, Yang, ...)

• Temperature evolution of the stars (Lai 1993; Saes, Hegade)

• Higher PN corrections to gravitational wave phase (Hegade)
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Conclusions

• Neutron stars: densest objects in the universe

• Tidal deformability: reflect the material properties of neutron stars

• Can probe equilibrium and out-of-equilibrium physics with
gravitational waves

• Other work

• Mass vs. radius and p (ρ) (Riley+ 2021, ...)

• Other non-equilibrium properties (oscillations of stars) (Steinhoff+
(2016), Pratten+ (2019))

• Quasi-universal neutron star relations (Steinhoff+ (2016), Pratten+
(2019))
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Backup slides
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More details
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Self-consistency of Newtonian calculation: no-spin calculation

• Tidal torquing spins-up stars

dΩA
dt ≈

45m2
Bm5

A
2R2

AM6 ΞAγ
6
0 (ωA − ΩA) .

• Inspiral driven by gravitational radiation reaction

dr
dt ≈ −

64ηSM
M γ4

0 .

• ν & average causal bound in order for appreciable spinup of stars
(tidal locking) before merger (Bildsten+Cutler 1992)

Tlock
Tinsp

≈102
(

M
3.2M�

)3 (
mA

1.6M�

)3 (
1.6M�

mB

) (
12km
RA

)5 (
1016cm2s−1

ν

)
×

(
0.1
p2,A

) (
0.1
k2,A

)
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More details on constraint
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Correlation between Λ and Ξ
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0.000

0.001

0.002

0.003 With Ξ̄

Without Ξ̄

0 500 1000 1500 2000
Λs

0

1000

2000

3000

Ξ̄

0 1000 2000 3000
Ξ̄

0.0000

0.0005

0.0010

5



Future constraints
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GW170817 fact sheet

Figure 1: LVK 7



Can we relate tides to microphysics?

• Calculations of Ξ for large planets/stars often very different from
what is measured (Ogilvie 2014)

Apollo 17/NASA

• Ocean: ∼ 0.023% of the Earth’s total masss
• ∼ 95% tidal dissipation of Earth: from the ocean (Auclair-Desrotour+ 2018)
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Calculating the tidal response: black holes

Qµν (ω) = F2 (ω) Eµν (ω) ,

• Tidal response of black holes (Poisson 2009)

F2 (ω) ∼ 10−6s
(

M
20M�

)
iω +O

(
ω2)

.
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Computing the GW phase

• GW strain h

h (f ) = A (f ) e iΨ(f ).

• Differential equation for phase in terms of total binding energy Etot of
a binary (Tichy+ 2000)

d2Ψ
df 2 = 2π

Ėtot

dEtot
df .

• Compute Etot , Ėtot for a Newtonian binary, including keeping
dissipative tidal response
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Effacement principle

Qij = −ΛEij − Ξ∂tEij .

• Effacement principle: finite size of star affects equations of motion
at 5PN order (Damour 1987).

• Dissipative finite size of star effects enter equations of motion at
6.5PN order

• Q: How do dissipative, finite size effects enter at 4PN in the GW
phase?

• A: Dissipation affects Ėtot through Fdiss

d2Ψ
df 2 = 2π

Ėtot

dEtot
df .
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Adiabatic Love numbers

1. Spherically symmetric star (TOV equations)

g (0)
µν , δu

µ
(0), ρ(0), ... → G (0)

µν = 8πG
c4 T (0)

µν .

2. Adiabatic (time independent) linear perturbation (Hinderer 2008,
Damour+Nagar 2009, Binnington+Poisson 2009)

δgµν , δuµ, δρ, ... → δGµν = 8πG
c4 δTµν .

3. Extract quadrupole from gtt (Thorne 1998, Hinderer 2008)
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No viscous corrections to stress-energy tensor

1. Perturbed stress energy reduces to perfect fluid.

δTµν = δ
( e

c2 uµuν + p∆µν

)
.

2. There are no viscous corrections to the adiabatic tidal Love numbers.
3. Can extend argument to other fluid models.
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Relativistic, viscous fluids

Relativistic, causal, hyperbolic theory of viscous fluids: BDNK fluid
(Kovtun 2019, Bemfica+ 2020)

Tµν =Euµuν + P∆µν + 2Q(µuν) − 2η σµν ,

E ≡ 1
c2

(
e + τε [uα∇αe + (e + p) θ]

)
,

P ≡p − ζθ + τp [uα∇αe + (e + p) θ] ,

Qµ = τQ

(
(e+p)

c2 uα∇αuµ + ∆α
µ∇αp

)
+ ρκT 2

mb(e + p)c2 ∆α
µ∇α

( µ
T

)
..
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More facts about the BDNK fluid model

• BDNK fluid (Kovtun 2019, Bemfica+ 2020) is the only relativistic
fluid model that
1. Is causal and strongly hyperbolic.
2. Has stable equilibrium states.
3. Includes bulk viscosity, shear viscosity, and heat conduction.
4. Includes nonzero baryon number.
5. Entropy increases with time.
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More facts about the BDNK fluid model

1. Fluid current

Jµ =ρuµ.

2. Set τε = 0, τp = 0, τQ = 0, and the theory reduces to an Eckart
fluid (Eckart 1940).

3. Requiring that the theory by hyperbolic in the relativistic regime, and
reduce to the Navier-Stokes equations of motion at 0PN constrains
the heat conductivity and shear viscosity to satisfy κ > ηkB/mb

(Hegade+ 2023).
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